INTERIOR CONTINUITY OF TWO-DIMENSIONAL WEAKLY 
STATIONARY-HARMONIC MULTIPLE- VALUED FUNCTIONS 
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Abstract. In his big regularity paper, Almgren has proven the regularity 
theorem for mass-minimizing integral currents. One key step in his paper is 
to derive the regularity of Dirichlet-minimizing Qg(IR n )- valued functions in 
the Sobolev space ^2(^1 Qq(R™)), where the domain f2 is open in R m . In 
this article, we introduce the class of weakly stationary- harmonic Qq (Un- 
valued functions. These functions are the critical points of Dirichlet integral 
under smooth domain- variations and range- variations. We prove that if f! is a 
two-dimensional domain in R 2 and / £ ^2 Qq(K™)) is weakly stationary- 
harmonic, then / is continuous in the interior of the domain SI. 



1. Introduction 

In his big regularity paper |T| , Almgren proved the regularity theorem for mass- 
minimizing integral currents. More precisely, Almgren showed that any mass- 
minimizing integral current is smooth except on a singular subset of co-dimension 
two. One key step in [1] is to derive the regularity of Dirichlet-minimizing multiple- 
valued functions in the Sobolev space 3^2 QQ(K n )) of multiple- valued functions 
(see Q2.6P for its definition). This is a key step because Almgren used this class of 
multiple- valued functions to approximate mass-minimizing integral currents, whose 
regularity hence inherits that of Dirichlet-minimizing multiple- valued functions. In 
PP, any Dirichlet-minimizing multiple- valued function, / : £1 C M." 1 —> Qq(R"), is 
shown to be Holder continuous at any interior point of f2 and smooth outside a 
closed subset £, whose co-dimension is least two (in the sense of Hausdorff mea- 
sure). Moreover, as O C I 2 , the closed subset £ is consisted of isolated points. 
Dirichlet-minimizing multiple- valued functions were further investigated in [18) by 
Zhu as SI C I 2 and in [16] by Spadaro as fl C C m . The reader is also referred to 
a recent article by De Lellis and Spadaro in [4], which makes Almgren's theory of 
multiple- valued functions more accessible and provides some new points of view on 
the subject, e.g., intrinsic theory of the metric space Qq(K"). 

Although the theory of multiple- valued functions was originally developed for the 
purpose of studying the regularity of mass-minimizing integral currents in [T], we 
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found that the theory itself is interesting enough and deserves further investigation 
as an independent topic in calculus of variations. In [11J . Mattila investigated a 
class of elliptic variational integrals of multiple-valued functions (interior Holder 
continuity was derived in the 2-dimensional case). Along the direction of [TT], De 
Lellis, Focardi and Spadaro in [3] further characterized the semicontinuity of certain 
elliptic integrals of multiple- valued functions. In [7], Goblet and Zhu studied the 
regularity of Dirichlet nearly minimizing multiple-valued functions. On the other 
hand, Almgren's multiple- valued functions have also been used to formulate certain 
(stable) branched minimal surfaces and minimal hypersurfaces by Rosales, Simon, 
Wickramasekera, et al (e.g., see [12], [13], [15], [17]). Their research projects provide 
an approach to investigate more details of the local behavior around singularities 
of minimal surfaces and minimal hypersurfaces, which are not area-minimizing but 
could be formulated as two- valued minimal graphs. 

In this article, we propose studying a bigger class of multiple-valued functions, 
called weakly stationary-harmonic multiple- valued functions, which are the crit- 
ical points of Dirichlet integral with respect to smooth domain- variations and range- 
variations in the Sobolev space 3^2 (^, Qq(K")). The reader might wonder that one 
could treat this variational problem by a formulation of standard stationary har- 
monic maps into metric spaces. Indeed, this is what we thought at the beginning 
as we started this project. However, there are several difficulties when one tries to 
apply the methods in the (partial) regularity theory for stationary harmonic maps. 
The main difficulty comes from the fact that the metric space Qq(R") could only 
be embedded into Euclidean spaces as a bi-Lipschitz (polyhedral cone) subman- 
ifold, which is not negatively curved and is lack of sufficient smoothness. Thus, 
we could not follow the typical definitions of stationary harmonic maps and the 
approach studying their (partial) regularity in literature here. We prove that if 
/ € 3^2 Qq^™)) is weakly stationary-harmonic and ft C M 2 , then / is continu- 
ous in the interior of the domain Q. 

There are two parts in the proof of our main result in Theorem [T] In the first 
part, we apply the domain- variations of / to show that the Hopf differential of £ o/ 
(denoted as $ : £1 — > C) is a holomorphic function, where £ : Qg(]R n ) — > R n ® is 
any Lipschitz map defined in (12.41) . This trick has been used in the 2-dimensional 
harmonic map theory with very general target spaces, e.g., non-positively curved 
metric spaces (cf. [14 ). Then, by applying the other trick in Griiter's paper [9], 
there is an induced harmonic function h : Q — > R 2 so that (£ o /, h) : ft — > R n( 3+ 2 
is weakly conformal. This weakly conformal condition put us in a position to adapt 
the method in Griiter's paper [8] (studying the regularity of weak conformal H- 
surfaces) into the class of multiple-valued functions of this article in the second 
part. 
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In the second part, one key step is to establish a "global" monotonicity formula 
(see Step 2 of the proof of Lemma [3]) from proper range- variations of /. This part 
contains the main difficulty of this article as we apply Griiter's approach in [8] to 
our case. Notice that, one could not simply perturb a multiple-valued function by 
adding a test function belonging to a proper class of functions (just like in PDE 
theory) or by further projections into a smooth submanifold (just like in the theory 
of stationary harmonic maps). This difficulty is due to the lack of structure for 
algebraic operations (e.g., addition and subtraction) in Qq(R") as n > 2. Even 
in the case of n = 1, where a natural subtraction for any two members in Qq(R) 
does exist (see the Preliminaries), one still needs to be careful in perturbations 
of multiple- valued functions so that Definition [2] is fulfilled. A simple example is 
to naively define a family of multiple-valued functions from subtraction between 
a Q2(M)-valued function f(x) := \x\ + [— x], where x € (—1, 1), and the member 
I- 11 + [1] by f(x) := {{l - t)x + t(l - x)j + [-(1 -t)x + t(l +ar)]. As t > 0, it is 
easy to verify that there is no point with multiplicity 2 remained in the value of the 
continuous function /'. According to Definition [21 one only allows (parametrized) 
diffcomorphisms (or bi-Lipschitz homcomorphisms) ip x := tp(x, •) : M" — > R™, where 
ip G C£°(f2 x R n ,R"), in the range- variations. Hence, the point with multiplicity 
2 of the continuous Q,2(R)-valued function / should not disappear in the class of 
range- variations given in Definition [2j Therefore, the family of perturbed Q2 (Un- 
valued functions /* can't be generated from the definition of range-variations. 

To overcome the difficulty in range-variations, we give a method to build up 
the so-called nested admissible closed balls (see Definition [5]) for arbitrarily chosen 
member in Qq(R"). Namely, for any member q G Qq(R"), there exists a sequence 
q = q^°\q^\ q^ = Q{a] for sonic L e Z + and a € R™ with strictly decreasing 
card (spt (q^)) as i increases such that 

■■■CCBQ( g ( ')) CCB^gW) CCB^ +1 (g (l+1) ) CC ••■ 

for some sequence 

= pa < (T < Pi < °\ < ■ ■ < Pl < o"l := 00. 

One observes that there is a natural subtraction between this arbitrarily chosen 
member q and any member in its admissible closed balls (or neighborhoods) . Then 
we show that the monotonicity formula can be established by the perturbations 
associated with this type of admissible balls on B^(gW) (see Definition [S]) , where 
p is roughly between pi and Ui . The monotonicity formula would be used to bound 
&i — Pi from above by Dirichlet integral of (£o°/> h) f° r each i. Note that pi+\ —<Ji is 
bounded from above by a constant depending only on n and Q (see Proposition 13]). 
This allows us to establish a "global" monotonicity formula in the proof of Lemma 
Oin Step 3. Here, "global" means that the formula is not restricted to the radius 
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of admissible closed ball that one derives the formula but extensible to a bigger 
admissible closed ball (with changes of some constants depending only on n and 

Q). 

Once we establish the global monotonicity formula, the proof of interior continu- 
ity follows Griiter's argument in jS], which is based on an argument by contradiction. 
Namely, suppose / is not continuous at to 6 fl, we may assume that there exists 
a positive number t* > such that for any open ball Ur(w) CC il there is al- 
ways a point w* e V r (w) fulhlling the inequality, distQ Q ( E ») (f(w*), f\ov r ( w )) > t*, 
for some r € (R/2,R). From Courant-Lebesgue Lemma (see Lemma and the 
bi-Lipschitz embedding £ : Qq(R") — ► M. N , we may always choose a good slice to 
have osc £ o / < C%{Q,N) ■ Dir(f : Ur(ui)) 1 / 2 for some arbitrary small r > 

(by choosing R > sufficiently small). Then we apply the type of Griiter's mono- 
tonicity formula in g] to show that < C 2 (Q,N) ■ Dir(G : V R {w)) 1/2 . Finally, 
we show in the proof that both of these two Dirichlet integrals are bounded from 
above by a(R) > 0, which tends to zero as R — > and is independent of the choice 
of£ . 

The rest of this article is arranged as the following. In Section 2, we collect 
some notations and results from [I], [6] and [8] to keep this article short and self- 
contained. Our main Theorem and its proof is contained in Section 3. 

2. Preliminaries 

For any single point y € K™, let [y] denote the zero dimensional integral current, 

lul '■ .9 ^ 9{y)i where g : R™ — > R is any continuous test function with compact 

Q 

support. For a given positive integer Q, let Qq(R") :— {J2 {Pij '■ Pi € R™}, where 

i=l 

Pi, pj are not necessarily distinct as i ^ j. For our convenience, as we use the 
notation p = ^2 ^j{Pjl for any member in Qq(R"), we mean px, ...,pj are distinct 

3=1 

points in R™, tj is the multiplicity of pj for each j and hence tj — Q- I n Hi 

3=1 

Qq(R") is shown to be a metric space by associated with proper distance functions. 
One is the so-called flat metric, see [TJ Chap.l]. The other one corresponding to 
the standard Euclidean distance function is given by 

G(Py q) '■— hrf I I I Pi — q a (i) | I : cr is a permutation of {1, Q} 
Q Q 

where p = [pi] and q — J^lljl- As Q > 2 and ft C R m is an open set, 

i=l 3=1 

/ : fl C R m — > Qq(R") is called a multiple-valued function or more precisely 
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Q 

Qg(R™)-valued function, usually denoted as f{x) — ^2\fi{x)\. Hence the sup- 

i=l 

port of f(x), spt(/(ir)), is consisted of Q unordered points in R" for all a; £ 0. 
In fact, Almgren showed in [TJ Section 1.1] and L, Section 1.2] that the metric 
space Qq(K") is bi-Lipschitz correspondence with a nQ-dimensional polyhedral 
cone Q* in a Euclidean space R p ( n >Q)' ( 2. More precisely, there exists a positive 
integer P{n,Q) > n such that for each fixed a = 1, P(n, Q), there corresponds 
a straight line L a in R ra and an orthogonal projection, denoted as LT Q <E 0*(n, 1), 
into the a-th straight line in R™. For each a £ {1,2, ...,n}, L a is chosen to be 
the coordinate axis of R". Hence, for any y — (y 1 , y n ) £ M. n and a £ {1, n}, 
we have H a (y) = y Q e R. Thus, for each a £ {l,...,n}, U a induces the map 
(n Q ) # (-) : Qq(R") -> Qq(R) defined by 

(2-1) (n Q ) # = X>"1 

where g" is the a-th component of qj £ R n , and 

(2.2) &(.) := £0I Q , •) : Q Q {R n ) -> s 2 , • • •, s Q ) : Sl < s 2 < • • • < s Q } C R Q . 
Hence, 

= («£(!),•• ') <Zct(Q))' 

for some <r € Pq: the permutation group of {1, Note that, from (|2.2[) , it is 

easy to verify 

(2.3) \Up) - Uq)\ = \m a ,p) - £(n Q ,<z)| = g((n a ) # ( P ), (n a ) # ( q )). 

For each fixed coordinates of R™, Almgren introduce the Lipschitz correspondence 

(2.4) £„(■) := (e(n X! •) • • • £(H„, •)) : Q Q (K») -> R" Q 
with Lip(£ ) = 1. The reader may verify from (|2.3|) that 

n 

ICoCp) - Uq)\ 2 = E i&oo - ^)i 2 ^ £ (p» «) 2 ■ 

a=l 

Moreover, £ is not injective unless n = 1 (or see [TJ Theorem 1.2]). However, by 
introducing more distinct orthogonal projections into the straight lines L a , a £ 
{n + 1, P(n, Q)} (as defined in (12. 2|l ). Almgren showed that 

€(•) := mu ■) n • • • N £(n P , .) : Qq(R") -^Q'CR" 

is then a bi-Lipschitz correspondence, where Q* := £ (Qq(R™)) and TV = P(n, Q)Q. 
Furthermore, both Lip(£) and Lip{$^ 1 ) are positive numbers depending only on n 
and Q. 

Besides the bi-Lipschitz correspondence £ introduced in [TJ, there is a modified 
bi-Lipschitz and locally (or infinitesimally) equidistant correspondence introduced 
by Brian White. The reader could find it in literature from the article of Sheldon 
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Chang (see p. 706]) or from [4] for more details. The modified correspondence 
is constructed by choosing P = P(n, Q) distinct orthonormal coordinate basis (by 
rotating the orthonormal coordinates of R"), by taking the orthogonal projections 
III, •••) IIp.„ (as done in [TJ Chapter 1.2]) as a complete set of coordinate projections, 
and by rescaling the resulting £ under a proper scaling factor depending on P(n, Q). 

Denote an affine map A : R m — » K" by A{x) — A(xq) + L{x — xq), where 
L € Hom(R m ,R") is the linear part. Let A(m, n) denote the set of affine maps 
from R m to R". As A £ A(m, n), we let 

/ m \ 1 / 2 

\A\ := ( \DiL\ 2 ) G R 

where = A multiple-valued function .4 : R' m -> Qq(R") is said to be 

Q 

affine if there are affine maps A\, Aq € A(m, n) such that .4 := I^M- Let 

1/2 

(2.5) 



Assume f2 C R m is an open set and Xo £ f2, then / : O — > Qq(R") is called 
approximately af finely approximatable at Xo £ O if there exists an affine func- 
tion A : R m Qq(R") such that 

ap togp^ = 0. 

x— >xq I X xo | 

Such multiple- valued function A is uniquely determined and denoted by ap Af(xo). 
Hence as / : 57 — > Qq(R") is approximately affinely approximatable at xq £ f2, we 
write 

Q 

ap Af(x ) =J2lAi(x )}. 

i=l 

In [TJ Theorem 1.4 (3)], Almgren proved that if £ o / : Vl — > R w is approximately 

Q 

diffcrcntiable at x 6 f2 for a multiple- valued function /(x) = X] G Qq(R"), 

i=l 

then / is strongly approximately affinely approximatable at Xq. In other 
words, if £o / is approximate differentiable at Xo, then /,(xo) = fj(xo) implies that 

ap D x fi(x ) = ap D x fj(x ). 

Furthermore, ap Af(xo) is uniquely determined by /(xo) and ap D (£ o /) (xo) and 

|ap Af(x )\ = |ap£»(€ o/) (x )|. 

In [I], Almgren also introduced the space, 3M^, Qq(R")) (still called Sobolev 
spaces for our convenience) , for the class of multiple- valued functions /:Oc R m — > 
Q Q (R"). Recall that one usually uses W 1,2 (n, R^) denote the Sobolev space of Re- 
valued functions defined on i7 with their first order distributional partial derivatives 
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being C m square summable over SI. A function / £ W 1 ' 2 (Q, R N ) is said to be strictly 
defined if f(x) = y as x £ SI, y £ R N , and 



r- m / \f(z) - y\ dC m z = 0. 



IV™ (x) 

In fact, any / £ W 1 ' 2 (Sl,R N ) agrees with a strictly denned g £ W^ 2 (Sl,R N ) C m 
almost everywhere on SI (see [1] Appendix 1.2] or [111 p. 592]). In Q], the Sobolev 
space for multiple- valued functions is defined by 

(2.6) y 2 (Sl,Q Q (W 1 )) :— {f : SI C R m -> Qq(R") : £ o / e W 1,2 (Sl, R w )}. 

We say that / is strictly defined if £o/ is strictly defined. Suppose / € 3^2 (^, Qg(K n )), 
then by [D Theorem 2.2], 

(2.7) |apD(€„o/(i))| = |apA/(x)| 

a.e. x € f2. From [TJ Definition 2.1] and [TJ Theorem 2.2], the Dirichlet integral of 
a multiple- valued function / £ y 2 (SI, Qq(M™)) over an open set SI is given by 



(2.8) Dir(f; ST) = J |ap ^/(a;)| 2 = / |ap D (£„ o 



2 d£ m x. 



Note that, since the norm of any affine map defined in (|2.5|) is independent of the 
choice of coordinates of R™ , we have 

(2.9) |apX>(€ °/)l = |apI>(fo /)l 

for any two distinct Lipschitz correspondences £ and £ . Hence, the Dirichlet 
integral in (|2.8I) is independent of the choice of orthonormal coordinates in R™ . 

Below, we recall from Federer [6] and Griitcr 8 some properties of functions in 
Sobolev spaces. A map X : SI C R 2 — > M. N is called approximately differentiable 
at wo £ O with the approximate differential VX(wo), if there exists Xq £ R N such 
that for every e > 

6 2 (C 2 [Sl \ {w : \X(w) -X(w ) - VX(w )(w- w )\ <e - \w-w \},w ) = 

where <d 2 denotes for the two-dimensional density and C 2 [D indicates the Lebesgue 
measure restricted to a set D (see Federer [6j 2.10.19] or Griiter [HI Definition 
2.2]). Note, here is another characterization of approximate differentiability: X £ 
SI C R 2 — > M. N is approximately differentiable at wq £ SI with the approximate 
differential VX(wo), if and only if there exists a neighborhood U of wq and a map 
Y : U —> R w such that Y is differentiable at wq and 

6 2 (C 2 [Sl \ {w : X(w) ^ Y(w)},w ) = 0. 

The approximate differential is VY(w ). If X £ VF 1:2 (R 2 , R^), then X is approxi- 
mately differentiable almost everywhere and the weak derivative coincides with the 
approximate differential almost everywhere (see Federer [51 Theorem 4.5.9 (26), 
(30) (VI))]. 
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Definition 1 (the set of "good" points of a function in the Sobolev space W 1,2 (fL), 
cf. Griiter [8). Suppose £1 is a domain in R 2 and M is a complete Riemannian 
submanijolds in R^ for some positive integer N . Let e(X)(w) := |VX| 2 (w) be the 
energy density of X . Define the set of "good" points of X £ M /1 ' 2 (f2, M. N ) by 

A := {w € O : X is approximately differentiable at w, 
w is a Lebesgue point of e(X), e(X)(w) ^ }. 

Below, we collect some lemmas from [8j. We denote by U r (u>o) C R 2 the open 
ball{x € R 2 : \x-w \ < r} andB r (w ) C R 2 the closed ball {iel 2 : \x-w \ < r}. 

Lemma 1 (Griiter j8j 2.5]). Let X e W 1,2 (Vl, M. N ) satisfy the conformal conditions, 

|X U | 2 = \X V \ 2 , X u ■ X v — 0, a.e. in fl. 
Suppose fl is open and w* € A n fi. Then, 

limsup cr~ 2 / |VX| 2 > 2tt. 

(T-i-0 J 

fln{w.\X(w)-X(w*)\<a} 

Lemma 2 (Courant-Lebesgue Lemma, Griiter [5J 2.6]). There is a constant C ~ 
C(N) > with the following property. For any open set J] C R 2 , any X G 
W 1,2 (Q, R N ), any w e O, and any < R < dist(wo,dfl), there exists r e R] 
such that 

( 

osc X < C(N) ■ 

dV r (,w a ) 

3. The interior continuity 

In Definition [2J we define the class of weakly harmonic multiple- valued functions 
in the Sobolev space 3M^, Qq(K")). The perturbations in Definition [2] are induced 
from the range-variations, which are also called outer variations in [3]. 

Definition 2 (weakly harmonic multiple- valued functions) . Let il C R m be an open 
set and e > be sufficiently small. For any given if) € C£°(f2 x R n ,R") such that 
the support spt(ip) C fl' x R™ for some f2' CC O, define the induced perturbation of 
f by 

Q 

(3.1) f f ix)^YjMx)+t^(x,Mx))} 

where t € (— e, e). Then we say that f G 3^(^, Qq(K")) is weakly harmonic if 
and only if 

3.2 lim u ' J = 0. 

y J t->o t 
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In Definition [3l we define the class of weakly Noether harmonic multiple- valued 
functions in the Sobolev space 3M^, Qq(R™)) of multiple- valued functions. The 
perturbations in Definition [3] are induced from the domain-variations, which are 
also called inner variations in 0]. 

Definition 3 (weakly Noether harmonic multiple- valued functions). Let fi C K m 
be an open set and e > be sufficiently small. Assume that, for any given <f> S 
C™(n,R m ) and any fixed t e (-e,e), X 1 : Q -> ft defined by X\x) := x + 
t ■ 4>(x) is a diffeomorphism of Q, leaving the boundary dtt fixed. We say that 
f € 3M^, Qq(R")) is weakly Noether harmonic if and only if 

Um DirifoX'M-Dirjfrn) = Q 

t-yO t 

Definition 4 (weakly stationary- harmonic multiple- valued functions). We say that 
f G 3M^, Qq(R™)) is weakly stationary-harmonic if and only if f is weakly 
harmonic and weakly Noether harmonic. 

The main goal of this article is to prove the interior continuity of any two- 
dimensional weakly stationary-harmonic multiple-valued function in the Sobolev 
space 3^2(^1 QqO^")) °f multiple-valued functions. 

Theorem 1. Suppose f <E 3^2 Qq(M™)) is a strictly defined multiple-valued 
function, where Q is a simply connected open subset in M. 2 . Then f is continuous 
in the interior offl as f is weakly stationary-harmonic with finite Dirichlet integral 
over fl. 

3.1. The domain-variations: For convenience, we identify C with K 2 below. 
Note that Proposition Q] is a well-known result in the theory of 2-dimensional har- 
monic mappings into Riemannian manifolds. 

Proposition 1. Denote by Ur o (0) C C the open ball of radius Rq > with center 
at the origin of complex plane C. Suppose f € 3^(U,r (0), Qg(]R n )) is weakly 
stationary-harmonic. Then, 

(1) The Hopf differential of£ ofe W^^bJO)^), 



[( 


S«n°/) 


2 


<9(€o°/) 


1 




du 




dv 





2 A / 8«n°/) 9tfn°/) \ 
\ du ' dv J 



dz 2 =; <p(z) dz 2 



is holomorphic in the interior of \Jr (0) . Here, z = u + iv is a complex 
variable and (■, ■) denotes the inner product of vectors in Euclidean spaces. 
(2) There exists a harmonic function h : Ua (0) — > M 2 = C fulfilling 



such that 

(C o/, ft)e^ 2 (ii Sl (o),r«x 
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is weakly conformal in Ur o (0), i.e., 

and 1 8 (Zo°f> h ) gjgogM) 



9(£n°M) 




8(€ °M) 


du 




dv 



0, a.e. in Ur o (0). 



(3.4) 



\ du 

(3) Suppose £ , £ are two distinct Lipschitz correspondences and tp, ip are the 
induced holomorphic functions defined in (1) respectively. Then, \tp — <p\ = 
1^2 — ^2 1 — C(£o; Co) * s a constant depending only on the choice o/£ and 
£ . Moreover, 

4 



C(€o.Co)< 



Proof. (1) We sketch the proof from [II]. For any smooth function r\ : Ufl o (0) — > R 
with compact support, let X (u, v) = (u + t ■ tj(u, v), v). By the chain rule for weak 
derivatives, we have 



f ^;f^) = ^ ( ^,,)).(i + t.|s), 



»(to°/°*'(«.»)) = ej^n {xt{ ^ |g) + ^ {x t (u> p)) , 

From the change of variables, (cr,r) = X*(u,w), and the definition of Dirichlet 
integral of multiple- valued functions in (|2.8p . we have 



Dir(f;Q)=J 
n 



d(€ of) 
do- 



du 



m °n 

da 



(*) 



d(£o°f) 



dudv 



Then, the vanishing of the first variations of the Dirichlet integral of / with respect 
to the domain-variations X gives 



/ 

o 



[( 




2 


9(Co°/) 


1 




du 




dv 





dy , o/ 3($o°/) 3($o°/) 



dudv = 0. 



A similar argument, using the diffeomorphism X l (u, v) = (u, v + 1 • u)), gives 



I 

£2 



[( 




to 


9(€o°/) 


2 W 




du 






J dv 



ducfo = 0. 



These two equations provide the weak form of the Cauchy-Riemann equations for 
the ^-function 



(3.5) 



<p(z) 



( 


3(€o°/) 


to 


0(£o°/) 















\ 5 <9v 



By Weyl's lemma, </3 is a holomorphic function of z. 

(2) If $ is identically zero, then £ o / is weakly conformal. From (|3.3p . the 
assertion is then proved by choosing h — z (i.e., h = u — iv). Hence, we assume 
below that <5 is not identically zero. Below we would like to follow the trick in [5] 
to construct a M. 2 -valued harmonic function h showing that the Hopf differential of 

(^ of,h):V Ro (0)^R n QxR 2 

is identically zero. 
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For convenience, we abuse the notation by writing h — {h\,h%) £ R 2 as h = 
hi + i ■ h-2 G C below. Let $h(z) denote the Hopf differential of (£ o f,h). By a 
simple computation, one can verify 



(3.6) 



dz 2 



dh dh 

dz dz 



dz 2 



Since we know that (p is holomorphic, there exists a holomorphic function ^ satis- 
fying if/ = =±<p. Let 



(3.7) 



= ip(z) + z. 



Then, it is easy to verify that both h\ and h% are real-valued harmonic functions. 
Moreover, a simple calculation shows that h also fulfills 



(3.8) 



dh dh _ _1 
dz dz ~ 4^- 



From ([33]) and IpTS]) . $ft(z) = 0. Hence, one concludes that (£ o f,h) : Ur o (0) 



»n<2 



is weakly conformal. 



(3) Let ip — if % + i ■ if2 and ip = ip 1 + i ■ (p 2 - Notice that, from (|2.9I) . we have 

f l^ °/)l = l^(io°/)l, 

I me °f)\ = mto°f)\- 

Hence, from (|3.5I) . <p 1 = tpi. Since both ip and ip are holomorphic, they satisfy the 
Cauchy-Riemann equations. Thus, 

| d u (tp 2 - ip 2 ) = - <Pi) = 0, 

\ <9„(£ 2 - tp 2 ) = 9 u (?i - ¥>i) = 0. 

Therefore, one concludes that 1 9c — <p\ = \ip 2 — <f 2 \ — C(£oi£o) i s a constant de- 
pending on the choice of £ and £ (or the choice of coordinates of R"). Note that, 
from (|3.5p . we have 

(3-9) \<p\ <2-|V(^ o/)| 2 ; |£| <2-|V(i o/)| 2 . 

Hence, 

(3.10) C(£ , Co) = |£ - d < |p| + M < 2 • |V(€ ° /)| 2 + 2 • |V(i o /)| 2 . 

From integration over the set Ufl o (0), (|3.10[) gives 

4 



C(C .€o)< 



Dir(/;U flo (0)). 



□ 
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3.2. The range- variations: We would like to follow the proof of Theorem 3.10 in 
Griiter's paper 8 to derive the key estimates. In order to apply Griiter's argument, 
we build up the so-called nested admissible closed balls of a member q £ Qq(M") 
(see Definition[6]) for constructing the admissible range- variations. For this purpose, 
we need Proposition [2] and Proposition [3] 

Proposition 2. Suppose n > 2, Q > 2. Then, there exists a a positive number 

0<6 = e (n,Q)<^ 

Q 

such that for any q — llj] ^ Qq(^™) one could find a coordinate basis ofW n , 

3 = 1 

denoted by {e%, ...,e n }, fulfilling the inequality 



Qj 



> sin( 



(3.11) 

for any a £ {1, n} and any q,; =/= qj. 
Proof. For any non-zero vector qi — qj , let 

- Qj 

where cfj = sm/(ujj, ir a ) and /C(vij, ir a ) is the positive angle between Vij and its 
orthogonal projection into the hyperplane n a . Note here, we let /(i>j,j, 7r Q ) £ [0, ^] 
and ^.(vij,Tr a ) — ^ when the projection of Vij is null. The proof is equivalent to 
showing that there exist a positive number 0q — Qo(n,Q) > and a coordinate 
basis of W 1 such that the geodesic distance on § n_1 (l) between any member in 
U \ I : Qi Qj \ an d any member in (J 7r Q n S' i_1 (l) is no less than 

: i q} L ' «=i 

9o(n,Q). In other words, we may choose a new coordinate basis of K™ such that 
/.(Vi t j, 7r Q ) > 9o(n,Q) > for all non-zero Ujj and a € {1, ...,n}, where 7r Q is 
defined with respective to the new coordinate basis of R™ . Notice that the geodesic 
distance on the unit sphere between Vk and ir a n S n_1 (l) is nothing else but the 
positive angle between Vk £ R" and u a £ n a n §" _1 (1). 
We may denote by 

{v u ...,v e }= |J J ^ ^ 
for some € < Q(Q — 1), where Vj ^ Vj for any distinct i,j £ {1, ...,^}. Let 



(3.12) S t 



1 \ /l x (n ~ 1)(£ ~ 1) 



Namely, we let Sg+i = S( ■ (|)™ 1 and <5i = sin 1 (r^j ■ The proof is an induction 
argument. 
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For any given one point vi £ S n 1 (1), we choose a new coordinate basis of M. n by 

n 

rotation of the original one so that Ui = X] "7^ ' e °" wri ere {e\, e^} is the new 

a— 1 

coordinate basis. In other words, v\ — (^-^ , . . . , -^=j under the new coordinates, 

and L (v±, n a ) = sin -1 f"^J f° r au a G {1? •••) n }- Hence the proof is done in this 
case. 

Assume that, for any £ — 1 distinct points {vi, u^-i} C § n_1 (l) and £ > 2, 
there exists a coordinate basis {e^ _1 , e^ -1 } such that 

(3.13) L{v h y- X ) > Si-x, V fee {1, ...,£- 1} and V a € {l,...,n} 

where vr^ _1 is the hyperplane with normal vector ±e^, _1 under the coordinate basis 
{e^ _1 , e^ -1 } . Then, for any extra given point € §" _1 (1), we would show below 
that there exists a new coordinate basis {ef , e^}, derived from {e^ _1 , ef t -1 } 
by rotation, such that 

I (v b , ni) >5 e ,Vbe {1, £} and V a G {1, .., n}. 

We may assume that 

(3.14) Z( U ,,^- 1 )< ( 5, 

for at least one of a G {1, n}. Otherwise, we can just choose the new coordinate 
basis by letting ef :— ef _1 for all « € {l,...,n}. On the other hand, (|3.14p can't 
hold for all hyperplane 7r^ _1 , a = 1, ...,n. Otherwise, because 5g ^ sin _1 (-^) for 
all £ > 2, we conclude ^ 1, contradicting G §™ _1 (1). Hence, we may assume 
that 
(3.15) 

i fa.O <---<i (yty- 1 ) < < i (v^i) <•••</ (v t y-^) 

for some k G {1, ...,n — 1}. Note that rotating the coordinate basis of 1" so that 

n n 

the fixed point Vj = c"_j • e^, -1 can be re- written as ^ = ^ c" • under the 

a— 1 a— 1 

new coordinate basis {ef , e„} can be viewed as moving a point on §™ _1 (1) from 

n n 

Cg-i • fia -1 to X c "-i ' e Q _1 along the shortest geodesic path under the same 

a— 1 a—1 

coordinate basis. 

Below, we proceed the proof by viewing the rotation of coordinate basis as mov- 
ing points on the unit sphere along geodesic. 

We first move v i on the unit sphere along the shortest geodesic connecting vg and 
iej," 1 , where iej," 1 is either e„~ or — e depending on which one is shorter, until 
A. (uf,^" 1 ) = \&t-\. Denote by vj (1) the position of vt before this movement 
and v\ '(1) the new position of vg after this movement. Similarly, for each i G 
{2, n— 1}, denote by v~[ (i) and v^(i) the position before and after the movement 
respectively. Note, v^(i) = vj{i + 1) for each i. For each i G {2, ...,n — 1}, we 



14 



CHUN-CHI LIN 



move vj (i) with respective to ftf^ 1 under this procedure so that Z (v^(i), — 
(I) ^-i* Whenever Z (yj (i), n^ 1 ) > (^V^-i, we don't move vj(i) in the step 
and let Vg(i) — vj(i). Hence, 

l(vJ{i) lV +{i)) < * / _ 1 ,Vie{l,...,n-l}. 

Notice that, for any v € S"" 1 ^), Z^tt^ 1 ) > S means Z^ie^" 1 ) < tt/2 - 
(|) 81-1 for some ± £ {—,+}. For each fixed a.; and i G {1, 1} in (|3.15[) . 

we apply the triangle inequality of the distance function on § n_1 (l) to derive 

Z{v}(n-l),vt(i))< E ^ «7 (*))<&-! E (5) • 

K=i+1 K=j+1 ^ ' 

Since ■ <^_i = Z(u+(n - l),^; 1 ) = f - Z (u+(n - l),±e^7 1 ) for some ± € 
{ — ,+}, we have 

Z (v+(n - 1), ±ei^) < Z (v+(n - 1), «+(<)) + Z ie^" 1 ) 

< 1-^.(^+^-1- e (r=f-(i) n_1 ^ 



Hence, 



(3.16) Z^n-l),^ 1 ) > ^_ 1 ,V*e{l,...,n-l}. 

Similarly, for the case of i = n, i.e., cti = a n in (13. 15[) . we have 

Z (v+(n - l^ie^ 1 ) < Z (t,+(n - l),v t ) + Z (^ie^ 1 ) 

(3 - 17) < I - fc-x + St-i ■ E (!)" = §- (I)"" St-i- 

K=l 

Hence, 

(3.18) Z^+Cn-l),^; 1 ) > Q)" 
Thus, from (|3. 161) and (|3.18[) . we derive 

(3.19) ZO+tn-l),^; 1 ) > (0 ^-i,Vi€{l,..,n} 

which is equivalent to letting vg = Vg~(n — 1) under the new coordinate basis. 

We should also notice here that as we rotate the coordinate basis of W 1 with 
respective to moving a point along a geodesic on the unit sphere §™ _1 (1) for a 
geodesic distance 6, any point on S™ _1 (1) can be also considered as moving on the 
unit sphere with respective to the rotation of coordinate basis of R™ for a geodesic 
distance no greater than 6 (because the rotation is a rigid motion). Hence, under 
the rotation of coordinate basis of R™ to adjust the position of vg relative to the 
new coordinate basis, we have the estimates, 

l(v-{i),v+(i)) < fc_ ll Vie{l,... J n-l} 
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for each b € {1, ...,£ — 1}. Thus, for each fixed b £ {1, — 1}, we may use the 
assumption in (13.131) and then follow the same computation in fl3.17[) to derive 

(3-20) Avtin-l),^- 1 )^ Q)" Vi 

for alH G {1, n). 

From (|3.19p and (|3.20p . we conclude that, for all b e {!,...,£} and all i E 
{1, ...,n}, 

(3.21) 4^1) > fc-i=fc 

where 7rf is with respective to the new coordinate basis of R™ after adding the extra 
point vi into the set {v±, vg-±} and the last equality comes from the definition 
of 6 e in dXHJ). 

Q 

Since there are at most Q distinct points in the support of any q = iQjl 

i=i 

Qq(R"), there are at most Q(Q— 1) non-zero vectors qi — qj, generated from spt(g). 
Thus, we conclude (|3~TT|) from letting I = Q(Q - 1) in (EOT) and 



/t\ («-i)(Q 2 -Q-i) / 1 

% = o (n, Q) := <5q(q_i) = f -J sin -1 f — ^ 



□ 



Remark 1. In fact, we can choose 



6o=l=:) sin" 1 ' 



in Proposition^ by letting I = Q{Q — l)/2 in the final paragraph of the proof. This 



is because that in adjusting the position of points in 



U { ^— r : 'i- ■ ») 



relative to the new coordinate basis, the same procedure applied to a ^ s0 works 



for - 



Definition 5 (The admissible closed balls of q in Qq(R") and the union of admis- 

i 

sible closed balls of svt(q) in R"). Let q — ^ife] ^ e an 2/ member in Qq(R™) 7 

i=l 

where q\, ...,qi are distinct points in R". Denote by 

M n T (yo) :={yeR":|y-2/o| <r} 

t/ie closed ball of radius r wii/i center yo in R" 7 6j/ 

J 

W T (g) := |J B" 
i=i 

i/ie union of closed balls of radius r in R™, and by 

!?(?) := € Qq(R") : a(p,?) < r} C Qq(R") 
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the closed ball of radius t with center q in Qq(R"). Then, U T {q) is said to be 
admissible if 

n„ (B^fe)) n (b; 1 ^)) = 0,. v * e {i, »}, V i ^ j e {1, /}• 

TTie closed ballM ( ^(q) is said to be admissible ifU T {q) is admissible. 

From Proposition [21 if r satisfies 

sin6» (n,Q) . 
< r < mi{\ qi - q 3 \} 

where 0o(n,Q) is given in Proposition [5] as n > 2 and 9q(1,Q) := 7r/2, then U T (q) 
is a union of admissible closed ball of radius r in IR n . 

We introduce the notion of admissible closed balls in Definition [5] for the con- 
struction of smooth vector fields in K™ in the range-variations of multiple-valued 
functions. There is a formula of "subtraction" between q G Qq(R") and any mem- 
ber in the admissible ball V$(q) C Qq(M") of q (under a suitable choice of coordi- 

Q 

nate basis of R"). In other words, for any p — IPjl € M?(q), an admissible closed 

j=i 

ball of q (pi, ...,Pq are not necessarily distinct), there is a natural way to obtain 

an member in Qq(M' 1 ), denoted as p q or q p, such that 5(p9^,Q[0]) = 

G(p,q)- To explain it, observe that p G B?(g) implies spt(p) C U T (q) and 

card (spt(p) n B r (g.i)) = ^ for each i G {1,...,/}. Otherwise, there exists i G 

{1, 1} such that card (spt(p) D B T (qi)) %ti- But this means that there is a point 

Pi G spt(p) such that \p L — qi\ ^ t, which contradicts the assumption of p G M^(q). 

Q 

Thus, we may write p = YUPi'h where card({j G {1,...,Q} : >Cj — i}) = £i, 

Pj J G B T (qxj), Xj G {1, /}, for each j G {1, Q}. Furthermore, for any p in an 
admissible closed ball of q, M®(q), we can define the "subtraction" qQp G Qq(R") 

by 

Q 

(3.22) gep:=X>^-P?l- 

It is obvious that 

(3.23) G(qe P , Q[0]) = (p, g) , Vp G B«(g). 
j 

Let q = £i\q_i\ G Qq(K"). Recall from (|2.2I) that we can choose the map 

i=i 

C(n„,-) : Qq(M") -> R Q for all a G {l,...,n}. Then, for each fixed a G 
we may write 

£(n a ,g) = {(n Q (g Sa( i)),--- ,n a (g ta( /))) :n Q ( feo(1) ) < ••• <n Q (? (o( ,))}ci Q 

and 

ffiW) = {(n a ) , • • • ,n Q : n Q < . . . < n Q 
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for some permutation <j Q : {1,...,/} — > {1,...,/} and u> a ■ {1, ••• ) <3} — > {l,---,<3}- 
Notice that, as a member p G Qq(R") is contained in an admissible closed ball of 
q, the two types of "subtraction", qQp and £(IT a , q) — £(II a ,p) G R^ are consistent, 
Va£ {l,...,n}. In other words, if M^(q) C Qq(R") is an admissible closed ball of 
q and p G B^(g), then we may define p(s) := s ■ q + (1 — s) • p and s e 1 by 

Q 

(3-24) p(s) = Is ■ - V? ) +(!-«)• 1 

and p(s) satisfies the property 

£ (n a ,p( s )) = s ■ £(n a , P (i)) + (i - s) ■ £(n a , P (o)). 

Hence, 

(3-25) €o (?(«)) = *• €o(9) + «) -€o(p). 

for all p G B?(<?) (an admissible closed ball of g). From ([3722]) . ((3T23|) and taking 
in p.25j) . we conclude that 

(3.26) |lo(9ep)| 2 = \U1)-UP)\ 2 = [5(qQp,QlO])] 2 = [Q{p,q)]\ 
for any p in an admissible closed ball B^(g). 

1 

Proposition 3. For any q = ^2 ^iilil € Qq(R"), there correspond a non-negative 

i=l 

integer L G {0, 1, Q— 1}, a sequence of members q^ — g, q^\ q^ G Qq(R™) ; 
Ik 

where q( fc ) = ^ ^ a constant Co = Co(n,Q) > 1, and a sequence of numbers, 
i=i 

(3.27) =: po < cr < Pi < o\ < p 2 < • ■ ■ < cr L -i < Pl ■= +00 
such that the following statements hold. 

(a) If card(spt(q)) = 1, then L = 0, pa = and <tq = +00. 

(b) If card(spt(q)) > 2, then L > 1, 

(3.28) «pt(« (fc_1) ) 2 ap*(« (fc) ) 

/or eac/i fc G {1, ■ ••,£} <™d i/ie sei spt(cf L ^ is consisted of a single point. 

(c) For each k G {0, 1, L — 1} and L > 1, 

(3.29) 10Q ■ p fc < a k 

where 

(3.30) ^ := ^.^ f{ | g * 

4 

9a(n,Q) G (0,7r/4) zs given in Proposition^ as n>2 and Oo(n,Q) = ir/2 
as n — 1. 

(d) For eac/i k G {1, £} and L > 1, 

(3.31) £7 fc _i < p fc < C (n,Q) • <7fc_i. 
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(c) For each k £ {1, L} and L > 1, if at-i < Pk> the 
(3.32) B« (q^A C B£ (g« 



(f) For eac/i k £ {1, L} and L > 1, 
(3.33) £(V 0) ,g (fe) ) <pi + ••• + ?* < (Q-l)- M . 



Proo/. For a given g = £ e Qg(K n ), denote by g^ = g and g<°) = £ £?[g9]. 

i=l ' i=l 

Without loss of generality, we may assume that card(spt(g)) > 2. Then we follow 

the so-called standard modification procedure for members o/Qg(R n ) in [TJ 2.9] to 

find g' 1 - 1 by choosing sufficiently large constant if in [TJ 2.9] (see p. 341) below). We 

successively apply this procedure to obtain g( fc+1 ) from until card (spt(g L )) = 1 

for some L £ Z+. Such positive integer L < Q — 1 fulfilling card (spt(g < - L - 1 )) = 

1 exists, because we will show that card (spt(g < - fe - 1 )) ^ card (spt(g( fe+1 ))) in the 

procedure. 

Note that the assertion in Proposition is obviously fulfilled as k = 0. Hence, 
by induction argument, we suppose that the assertion is true for q(°>, q( k > £ 
QqCMJ 1 ), where k > 1 and card (spt(g ( ^ fc -')) > 2 (otherwise, the proof is finished). 
Now, we show how to find g( fe+1 ) from q^ k >. We first define some numbers for the 
construction of the sequence in (|3.27p as follows. Let 

(3-34) K = K(n,Q)= , 2 ° Q 

sin 6/o [n, Q) 

and 

(3.35) s = o-fc 

where a> is given in (|3.30[) . The choice of K in p.34[) assures that the quotient <Jk/Pk 
is sufficient large, see (|3.29j) . Besides, for a constructed q(°\ ...,q( k \ a sufficiently 
large K and a properly chosen a k assure that card (spt(gW)) > card (spt(g( fc+1 ))), 
in the following procedure. Let 

*i = 0, 

= (Q — 1)£jo for each jt = 1, 2, 
Sj£ = (Q — l)rf>c + 8ft— i, for each n = 1, 2, 
t^+i = 2if • s^, for each x = 1,2, .... 

By a direct computation from (|3.36l) and restricting x £ {!,..., Q}, we could derive 



(3.36) 



si, 

(3.37) { s„=[l + 2K(Q-l) 2 }*- 1 s <[l + 2K(Q-l) 2 }Q- 1 so, 

= 2K(Q - 1)[1 + 2X(Q - 1) 2 ]^- 2 • s . 

For each fixed >c £ {1, define a partitioning of spt(gw) = {gf, ...,gj fc } into 

equivalence classes by saying that qf ~ g| if there exists a sequence {gf x , q k A } C 
spt(g( fc )) such that gf = g£, g* = q\ A and (g^ - gf cv+1 | < t k for each a = 
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1,2,..., A- 1. Denote by P{x,l), P(x, N k (x)) C {q\, q k Ik \ a list of the dis- 
tinct equivalence classes, where N k {x) represents the number of distinct equivalence 
classes at the x-tYi stage of this partitioning procedure. It is easy to see that 

(3.38) diam (P(x, i)) < d^, V x and i 

and Q > Nk(l) > iVfc(2) > ■■ ■ > 1. Denote by xo the smallest positive integer 
among the integers x so that Nk(x) = N k {x +1). It is clear that xq < Q. 
Furthermore, let 

(3.39) p k+ i := Sx 

and, for each i £ {1, iVfe(xo)}, choose some q* + e P(x ,i) and let t* + = 
card (P(xq, i)). 

From (|3.38p . it is easy to check that for each fixed integer k > 0, 



(3.40) 



[G (g<*W* +1 >)] a = 



efE^[a/E4 +1 ^ +1 l 



< (O-i) 



sup {diam (P(xq, «))} 



< (Q - i) ■ 



Moreover, for any z £ Qq(K™) satisfying (z, gW) < so, we may apply the triangle 
inequality of £(•,•) in Q Q (R n ), and (f3T37|) . (l3~40l) to derive 

g ( z , q ^)) < g (z, q W) + g 

f o 41l < so + (0 - 1) 1/2 ■ d„ 

K ' = (1 + 2tf(Q - 1) 3 / 2 [1 + 2X(Q - l) 2 p- 2 ) • s 

< [l + 2X(Q-l) 2 ]^- 1 -s = s 3<0 

where the last equality comes from (|3.37p . Hence, from (|3.39p and (|3.35[) . we have 

g(z,q (k+1) )< Pk+ i 

if z satisfies g (z,q^) < a k - Note that, due to the choice of K in (|3.34[) and by 
letting so = fffc in (|3.35p . we derive from (|3.36j) . 

t 2 = 1QQ ■ inf { |g* - q*\} > inf { |g* - 9j fe |} . 
This implies that xq > 2 and therefore 



(3.42) 



card 



(spt(gW)) £ card(spt(g(' £+1 ))) . 

Thus, from (|3.39j) and (j3.30[) . we have ^ Pfc+i- Besides, from (13.39|) . (j3.35[> and 
(f3T37j> . we have 



Pk+i 



= [1 + 2K(Q - l) 2 ]^-i < [i + 2K(Q - l) 2 ] c 



Now we let 

C (n,Q) := [l + 2^(g-l) 2 ] c ?- 1 . 
On the other hand, the choice of xq implies that, 
(3.43) \ Zi -Zj\> t„ 0+ i = 2K ■ s Ha = 2K ■ p k+1 
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for any z, £ P(?co,i), Zj £ P(xo,j) and any distinct equivalence classes P(xo,i), 
P(x , j). Hence, from (|3~3U1) and (JXM]), (ETI31 implies 

sin #o 

ffc+i > — | — • ^o+i = ioy • Pfc+i- 

Notice that, due to the strictly decreasing of cardinality in (|3.42[) . we only proceed 
this procedure in constructing from for at most (Q — 1) many times 

(until spt (q( L >) is consisted of only one point). Hence, L £ {1, Q — 1}. 

The proof of each statement from (a) to (e) follows from the argument above for 
all k £ {1, ...,£} inductively. The proof of (f) follows from applying (e) and the 
triangle inequality of the metric space (Qq(R"), Q(-, ■)). 

□ 

Definition 6 (The nested admissible closed balls of q £ Qq(M™)). We follow 
the notations in Proposition Let {B^ (9^)} fe _ fulfill Tk £ [/9fc,0fc] for each 
k £ {0,1,..., L}, as stated in Proposition Then, {B^ (<7^)}fc— q * s sa ^ t° ^ e a 
sequence of nested admissible closed balls of q. 

The nested admissible closed balls of any member in Qq(R") will be useful for 
establishing the "global" monotonicity formula in the proof of Lemma [3J 

Lemma 3 (Key Lemma). Assume Q C R 2 is an open set, U r (u>) CZCZ fl is an 
open ball of radius r > with the center w and f £ 3^(^, Qq(R")) * s weakly 
stationary-harmonic. Let h : £1 — > M 2 be the harmonic function induced from the 
H op f- differential o/£ o/ as constructed in Proposition^ Suppose A £ Q is a set of 
Lebesgue points o/|V(^ o/)| 2 and w* £ Af]\] r (w) fulfills inf Q(f(x),f(w*)) > 

i69ll r (tii) 

. Then, 



,3.44, inf W „), /(„-,, < l ^tf;WH*WM) 

s£au r (w) V 2n ■ o{n,Q) 

for some constant S(n, Q) > 0. 

Remark 2. XTie set A C fi, defined as the Lebesgue point of |V(£ ° f)\ 2 in Lemma 
[3 is independent of the choice of £ (since |V(£ ° /)| * s invariant with respective 
to the choice of £ ). Besides, C 2 (n\A) =0, because £ of £ W 1 - 2 ^,]^). Recall 
from Proposition [7] i/ia£ G = (£ o /, h) and 

(3.45) |VG| 2 = |V(€ o /)| 2 + |V/f = |V(€ o /)| 2 + Ml + 2 > 2. 

From l{3.45\ ! and the definition of "good" points in Definition^ A £ is a set of 
"good" points of G. 

For our convenience, let F = £ o / £ K n< 9, G = (F, h) £ R" Q+2 , and 



(3.46) d*(x) := y/G(f(w*),f(x))* + \h(w*)-h(x)\< 
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Hence, (|3.44[) is equivalent to 

(3.47, M f |,|< MW . 

xeav r (w) y 27r • S(n,Q) 

Proof. Let Ur (w;) C f2, where w € f2 and i?o > 0. Without loss of generality, 
assume that / is not identically the constant f(w*) on dB r (w). Hence, we let 

n := mf g(f(w*),f(x))>0. 

xedV r (iv) 

We follow the notations in Proposition [3] and let f(w*) = q(°\ where w* € A n 
U r (i/;). From Proposition [21 we may also choose a suitable coordinate basis of R™ 
for the construction of admissible closed balls of w* . Since the Dirichlet integral 
is invariant under the change of Cartesian coordinates of R n , for our convenience, 
we still denote by / the multiple-valued function after composed with the change 
of coordinates of R™. Then, from Proposition [31 there correspond two sequences of 
non-negative numbers {pk} k= o, {°"fc}fe=o and a sequence of members {q^} k=0 C 
Qq(R"). For a given positive number , let ko € {0, 1, L} be the integer fulfilling 
one of the following conditions, 



(3.48) 
Let 



10Q-p feo <t, < 10Q- Pko+1 , k e {0,1,..., L- 1}, 
10Q ■ pl S t* < +oo, k = L. 



(3.49) d%(x) := y/g{qW,f(x))* + \h(w*)-h(x)\* 
and 

(3.50) n* k (p) :={xen: d* k (x) < p} 

for each k g {0, 1, L}. For any x satisfying one of the following conditions 
(3.51) 



d* k (x) < crfe, if k G {0,...,fc o - 1}, 
d* ko (x) < |min{r*,(T feD }, 



one could verify that 
(3.52) 



d*(x) := ^/g(qW,f(x)r + \h(w*)-h(x)\2 < Q {q<-°\f{x)) + \h(w*) - h(x)\ 

< g ( ff (0), g (*)) + g (g«, /(z)) + \h{x) - h{w*)\ < G g(*>) + V2 ■ d* k (x). 
As k e {0, fc - 1}, we apply ([3~5l) . (j3~27| . (1333)) and (j3~48| to derive 

R.H.S. of ([3321) $ (g(°), g<*)) + v 7 ^ • a fc 

< (Q - 1) • Pfe + V2 • (Tfe < (1 + 72) • <r fc < (1 + V2) • pk < r*. 
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As k = ho, we apply (|3.51j) to derive 

R.H.S. of (E32D $ G (q(°\q^) + ^ . mm{r„a ko } 

= min{r„a fc0 } - (fi=f^ ■ mm{T*, a fe J - 

^ min{r*,cr fco }, 

where the last inequality comes from applying (|3.48[) . p. 291) and (|3.33l) . Therefore, 

!p G (0, <7 k ) , as k = 0, fc - 1, 
=> Q* k (p) CC U r (iu). 
/? e (0, | min{r*,(Tfe }) , as k = k . 

In the rest of this article, for a given k € {0, fco}, we always let p fulfill the 
condition in (|3.53p . 

Step 1: Constructing "admissible" range-variations. 

Define the smooth vector field T k : E™ -» E 71 by 

r k (y) - x(l«? - wl) • (g? - y) 

where x : E — » [0, 1] is a smooth function satisfying x(s) = 1 as s < f <7fc, x(s) = 
as s > |(Tfe. Hence, Lip(rfe) < The Qq(E™)- valued function, induced from the 
smooth vector field T k : E n — > E™, can be written as 

Q 

(3.54) (r*) # (/(*)) :=5>W;(z)l- 

»=i 

Note, the definition of f2£(/o) in (I3.50|) and the definition of dt in (|3.49[) give us the 
condition 

(3.55) P<^ k ^f(QUp))cM^ k (q^). 
Let A € C°°(E, [0, 1]) be given by satisfying A'(s) > and 

( 3 .56) 

for some e > 0. From p.lj) . we let the range- variation of / be 

Q 

(3.57) f{x) := Y^ViW + * ■ A(p - dj(x)) • ^(/((i))] 

i=l 

where i € (— e, e) and e > is a sufficiently small number. It remains to show that 
the range- variation of / in (|3.57[) is admissible. In other words, for each fixed t, we 
should prove that {/*} belongs to the class of Sobolev space y%{£l, Qq(E™)) and 
{/*} could be approximated by a sequence of multiple- valued functions generated 
from a smooth perturbation of / (as defined in Definition [5]) . In the following, we 
want to show the local fine-property of A k and /*. 
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We first prove that Afe : ft — > R belongs to the class of Sobolev space W 1,2 (f2) fl 
L°°(f2) by the difference quotient method. Observe that 

\A k (x 2 )-A k (x 1 )\ _ \A k (p-d k (x 2 ))-A k ( P -d k (x 1 ))\ _ \d* k (x 2 )-d* k {x 1 )\ 
\x 2 -X!\ | (p- d* k (x 2 ))-(p-d* k (xi) ) | |ara— a:i| 



< Lip(A) 



l(g(? (t) ,/(x2)) 2 ~g(g( fc ),/( Zl )) 2 )| + ||/ I ( M ,-)-/ t (g ;2 )| 2 -|M^'-)-/»(x 1 )| 2 | 

|x2— aci | • |rfJE (^2)+<iJ (xi)| 



< Lip(A) 



|xa-Xl| 



|X2-X1| 



— i V J y |x 2 -Xl| ' |x 2 — Xl| J 



< 



Lip(A) • (LipC^- 1 ) 



|g°/(^)-$o/(^l)l , |fe(^ 2 )-fe(^i)l 
|a:2 — xi| |X2— xi| 



where the third inequality comes from applying triangle inequality of the metric 
Q(-, •). Because £ o / g W 1,2 (il) and ft, is a smooth harmonic function, we derive 
the uniform bound of the difference quotient ^^^~^r^-^ in £ 2 (^)-topology for 
any distinct X2,%i in 57. Hence, € W /1:2 (f2). The restriction of p in (|3.53l) and 
the condition of A k € [0, 1] imply that A k € Wq' 2 (Q,) H 

Now we want to prove that /' belongs to the class of Sobolev space 3^2 (fij Qq (K™)) 
for each fixed t. Without loss of generality, we only need to show the case when we 
let il = V r (w) because f t (x) = f(x) for all t and x e ft \ V r (w). We re- write the 
equation (|3.57[) as 

Q Q 

(3.58) f\x) = = E^^) + f ' M*) ' WiC*))]- 

»=i i=i 

For fixed 3:1,0:2 € U r (iu), denote by cr XltX2 : {1, 2, Q} — > {1, 2, Q} the permu- 
tation fulfilling 



(3.59) 



G{f{%2),f(xi)) = WE /<Tx 1 ,x 2 m( a; 2) - /e(a;i) 



Then, for fixed Xi, x%, t and a, 
(3.60) 

Ifa o /'(a*) - i a o /*(zi)| 2 = \Q ((u a ) # (f(x 2 )), (n a ) # (f( Xl )))f 



inf e n a (ft(x 2 ))-n a (f e ( Xl )) 

7 ^ V Q \l=l V w 



< E |n Q (^.^M^)) - n Q (/K^i))f = E |n Q (/^.^teO - f*M) 
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where the first equality comes from (|2.3j) and Vq denotes the permutation group 
of {1, 2, Q}. By applying the inequality, (a + b + c) 2 < 3 (a 2 + b 2 + c 2 ), we have 



(3-6i) £jn a (/<^ 2(£) (* 2 )-/K*i) 

Q , 
<E 3 ' n a (/ CT (<) (a;2)-/ J s(xi) 

+ E 3i 2 • (A k ( X2 ) - A k (xi)) 2 • n Q (r k o f axiiX2{e) (x 2 )) 
+ E 3i 2 • (A k ( Xl )) 2 ■ u a (r k o f {l) ( X2 ) - r fc o f e ( Xl )) 

n 

Hence, from (I3.60|) . (|3.61[) . (|3 . 50[) and taking the sum Yl > we have 

a=l 

\^of( X2 )-^of\ Xl )\ 2 
Q 

< E 3 ' f<T X1 , X2 wi x 2) - fe(xi) 
i=\ 

+ E 3i 2 ■ (A fc (i 2 ) - A fc (x!)) 2 • T fc o / X2 (,)(x 2 ) 
+ E 3i 2 ■ (Afe^O) 2 • T fe o / {l) {x 2 ) - Y k o f t (xi) 

<3-[g(f(x 2 )j( Xl ))} 2 

+ 11 St 2 - (A k (x 2 ) - A k { Xl )f ■ T k o f {i) {x 2 ) 
+3t 2 ■ (A k ( Xl )) 2 ■ |Lip(r fc )| 2 • [G (fix^Jix,))} 2 . 

Thus, 

|€oO/ t (^)-€ o/ t (x 1 )| 2 



\X 2 -X!\ 2 



< 3fg( & / 1 i' l))1 + 3t {A t:^ ixi)) Q ll r *lli- + 3^[Li P (r fe) ]^— — 



12 [g(/(»2),f («!))] 2 



< 3 (i + i 2 [Li P (r,)] 2 ) [ L ip (r i)] 2 |g°/(g = ^/(^)i + g« (a^wo) Q iir^i^ 7 

where ||rfe|| Loo < 2a k /5 and Lip(I\.) < 5/a k . Since k is fixed and both £o/ and A& 
belong to the class of Sobolev spaces W 1 ' 2 , we conclude that — - - is 

uniformly bounded in L 2 for all distinct x\, x 2 in U r (w) and fixed t, a G {1, n}. 
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By the difference quotient method, we conclude that /* belongs to the Sobolev 
space 3^2 (V r (w), Qq(K™)) for each fixed t. 

We may also follow the same argument above to show that the induced multiple- 

/ \ Q 

valued function, ( A k (x) ■ (r fe ) # {f(x))j = EIAkW ■ T k (fi(x))j, belongs to the 

Sobolev space y 2 (ft, Qq(K™)) and we write 

Q 

ap A x (A fe (x) • (T fc ) # (/(a;))) = ^][ap D x (A k (x) • T k (fi(x)))] for C 2 a.e. x e ft. 

i=l 

Below we show that jt^_ Dir(f t ;il) = by comparing ■^, t _ Q Dir(f t ;iY) with 
2i\ t=0 Dir(f t ; ft), where /* is a smooth perturbation of / (see (|3.64|) . (|3.65|) and 
(j3T66j) for details). Note, /, /* and A k (x) ■ (r fe ) # (f(x)) all belong to the Sobolev 
space y 2 (Q, Q Q (K")), i.e., £ o /, £ o /* and £ (A fe (x) • (r fe ) # (/(a))) all belong to 
H /1,2 (ft). By the fine-property of functions in Sobolev spaces (e.g., see 6.1.3]), 
the approximate derivatives of £ o /, £ o /' and £ ^Afc(x) • (I\.) # (f(x))j all exist 
£ 2 a.e. in ft (e.g., see [3 6.1.3]). Recall from the description on the strongly 
approximately af finely approximable multiple-valued functions in the Prelim- 
inaries of this article (or see (J 1.4 (3)], if £ o / is approximate difierentiable at x 
and fi(x) = fj(x), then 

f ap D x fi(x) = ap D x fj(x), 

\ ap D x (A k (x) ■ T k o f^x)) = ap £> x (A fc (a;) • T k o ^(x)) . 

if 

Hence, if £ o / is approximate difierentiable at x and /(x) = E 4 ' [/k(x)], then 

K=l 

ap AJ(x) = E 4 • [a P £>x/«Wl, 

K=l 

ap A, (A fc (a;) • (T fc ) # (/(x))) = E4' [ap D B (A fc (x) • T fc o /„(x))]. 

^ ' K— 1 

Therefore, for £ 2 a.e. x £ we have 

ap AJ'(x) = E [ap D x ff(x)j 

i=l 

(3.62) = E 4 • [ap D x f K (x) +t-apD x (A fe (x) ■ T k o / K (x))l 

«=i 
Q 

= E [ap D»/i(x) + 1 • ap D x (A k (x) ■ T k o /,(x))]. 

z=l 
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From [U Theorem 2.2], we may compute the Dirichlet integral of /' on an open set 

Q 

n by J2 ll a P Dxft\\h(ny Thus ' from <ES21), we have 

2—1 

£>ir(/*;fi)=E /|ap-D x /K^| 2 <fe 
i—i a 

Q 2 
= E J l a P D xfi(x) + 1 ■ [ap Z^A^x) r fc (/ l (a:)) + A* (a;) • ap £^(1^ o /j)(x)]| dx 

Q 2 
= E J l a P Ae/ifa)! dx 



+2t- E / (ap D«/<(a!) : ap £> K A fc (x) ^(/((a:))) dx 
i=i a 

Q 

+ 2t ■ E / (ap D x fi(x) : A fe (x) • ap D y T k (fi(x)) ap D x fi(x)) dx 
i=i a 

+t 2 • £ / |ap L^A^x) r fc (/i(x)) + A fc (x) • ap D x (r fe o / 4 )(a;)| 2 dx. 
i=i n 

Hence, 

(3-63) £ {t ^Dir(f;n) 
Q 

= 2 • E / (ap AJi(z) : ap D K A fe (x) r fc (/((x))> dx 
»=i a 

Q 

+ 2 • E / (ap D x fi{x) : A fe (x) • ap D y T k (fi(x)) ap D x fi(x)) dx. 

i=l U 

By applying the Lusin-type Theorem on approximating functions in Sobolev spaces 
by C 1 -smooth functions (e.g., see [5J Section 6.6 Corollary 2]), for a given A k £ 
W ' (fi,M) and any 5 > 0, there exists a C 1 -smooth function A^ € Q)(^) such 
that 

(3.64) ||A fe -A fe || w i,2 (a) < 6 
and 

(3.65) L m {{x : A fe (x) ^ A fe (x) or V x A fe (x) ^ V x A fe (x)}^ < 5 

where V denotes the weak differentiation. Note that if H £ W lo 'c , then V x H{x) — 
ap D x H{x) for £ 2 a.e. from standard theory of Sobolev spaces (e.g., see [5J 

p.233 Remark (i)]). Let 

Q 

(3.66) /«(x) := ^[/i(x) + t • A fc (x) r fc (/, ; (x))]. 
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Then, by following the same computation as the one in deriving (|3.63|) . we have 
(3.67) 

| |t=0 ^r(/*^)-| |4=0 Dir(?;n) 

= 2- E / (a,pD x fi{x) : (v x A k (x) - V x A k {x)J T k (fi{x))\ dx 

+2 • E J <^a P D x fi(x) : (^A k (x) - A k {x)j ■ V y T k (fi{x)) ap D x fi(x)\ dx. 

As 5 — > + , the first term on the R.H.S. of (|3.67[) tends to zero by applying (|3.64D . 
the finiteness of both ||rfc||£°o and Dir(f;£l); meanwhile the second term on the 

R.H.S. of Q3.67[) also tends to zero by applying p. 651) . the finiteness of || Ajt , 

Q , 

||Vrfc||ioo and the Lebesgue-integrability of E l a P Ar/il ■ Thus, we 

i=l 

conclude that 



dt\t=o dt\t—o 







as S -> 0+. Since the vector field ip = A k ■ T k e C c °°(ft x M n ,R") for any S > 
0, from Definition [2] and the assumption of / being weakly harmonic, we have 
^ |t=0 Dir(/*;fi) = 0. Therefore, we conclude that ± Dir(f;Sl) = must hold. 

Step 2: Deriving the "local" monotonicity formula. 

For simplicity of notations, let 

G:= (F,h) := (£ o /, h) 

and 

Gl ■= (Uq {k) ),Hw*)),y ke{o,...,L}. 

Notice that, from (|3.26p . we have 

(3.68) d%(x) = \G% - G(x)\, VxeQ% (l<r k 

Besides, due to the choice of cut-off function A and the definition of S7£ (p) in (|3.50l) . 
we have 

(3.69) X(p-d* k (x))=Q,y x^n* k (p). 
Since both A and T k in (|3.57l) are bounded, we have 

/'(aOelf^ (?<*>) 

for all x € f2, p < \o k and sufficiently small \t\. Hence, under this situation, there 
is a unique way of paring f f (x) with q( k > in the sense of (13.241) . By applying (|3.25[) . 
we obtain the expression 

£ o f(x) = (1 - t ■ X(p - dt(x))) ■ € o f(x) +t-X(p- dt(x))) ■ Co (q^) . 
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In other words, 

F\x) := £ o f(x) = F(x) + t-X(p- d* k (x)) ■ (Ul {k) ) - H*)) 
for all x G f2, p < \&k and sufficiently small \t\. Furthermore, by letting 

ti(x) := h(x) + 1 . A(p - d* k (x)) ■ (h(w*) - h{x)) 
we obtain the perturbation formula of G, 

(3.70) G\x) := (F t (x), h*(x)) = G(x) + t-X(p- d%(x)) ■ (G% - G(x)) . 

Note that in the rest of this paper, the perturbation formula of / and G will be 
applied only as p € (p k , |cr fe ) for k E {0, 1, k - 1} and p G (p ko , § min{r„ o-^}). 
Due to p.69[) and p.53p . the perturbations in (I3.70P leave the boundary value of 
G fixed, i.e., 

G t {x) = G(x), ViG dU r (w). 
Since / is a stationary-harmonic multiple-valued function and h is a harmonic 
(single-valued) function, 



4- Dir{F l -Vt) = = 4- Dir{h l -VL). 

at [t=a at [t=o 



Thus, 



A Dir(G t ;Q)=-^ Dir(/*;fi) + A Dir(tf; 0) = 0. 
at [t=o at L*=o L*=° 

From (I3.68[) . this implies that 

o = -i^ Lt =o £>ir (G*;n) 

J A^-IG^-G^D-IVG^)! 2 dx 

u r («j)nn»(p) 

- / ^Tcfegf^ ' < VG (*)> G ! - G (-)) 2 *>■ 
u r (tu)nfij(p) 

Hence, 

I X(f-d* k (x))-\VG(x)\ 2 dx 

V r (w) 

J \(p-\G* k ~G(x)\)-\VG(x)\ 2 dx 

(3.71) = / ^SSF-<VG(x) > q;-G(x)> 2 dx 

u r (tu)nn;(p) 

<§• / A'^-IG^-G^D-IVG^I 2 da: 

o r (w)nnj(ri 
= | • / A'(p-d*(x))-|VG(x)| 2 dx 

Ur(u>) 

where the inequality comes from applying the weak conformality conditions of G, 
which is proved in Proposition [TJ To be more precise, when a, b : SI C K 2 — >• l w 
are two differentiable vector-valued functions, we first note that 



2 "^2 2 2 
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where P{o ia ,a 2 a} ( v ) denotes the orthogonal projection of vector v into the two- 

dimensional plane spanned by d±a and 82 a and T& := t ia, ' 2 ° ) ^ ( 1 . From the 

l p {Si<*.a 2 »H — Jl 

conformality, i.e., |<9ia| = |c? 2 a| and (dia, 82a) — 0, we have Tf, = ||^r • cos + • 
sin# for some 0. Thus, 
2 

£ (fto, T h ) 2 = |9 ia | 2 = - (\d ia + d 2 a\ 2 ) = - |Va| 2 . 

i=l 

Therefore, we conclude that 

2 2 2 

J2 (di^ bf = |6| 2 J2 (Sia, ^ < \ |Va| 2 16| 2 . 

Let 

Mp)--= J \(p-di(x))-\VG(x)\ 2 dx. 

U r (w>) 

Then (|3~7T|) gives 

for all p £ (Pfe,|cr fe ) for /c e {0, 1, fc - 1} or p £ (p ko , § min{r*, a ko }). This 
inequality implies the nondecreasing property of ^ k ^f > , i.e., if s < t, then 

(3.72) < 

t z 

where either s,t€ ^a k ) as k £ {0, fc ~ 1} or s,t £ (p ko , | min{r*, cr feo }) as 
k = fco. 

Step 3: Extending the monotonicity formula "globally". 

The estimates of by the Dirichlet integral of / rely on applying the mono- 
tonicity formula (|3.72[) on each admissible closed ball M^(q^), for each fixed 
k £ {0, fco}, and keeping the nested condition, 

(3.73) B?(g (fe) ) cl?(g (fc+1) ) 
by proper choices of s and t 1 



(3.74) yp kl -<7 k j 3 s < t £ yp k+ i, -mm{T*,<T k+ i} 

for all k £ {0,...,fco — 1}. However, one can't apply the monotonicity formula 
of ^ k Jf^ on the whole interval of (pfe, | min{r*, <r k }^ . This is because that the 
parameter p in X(p — <ij!(-)) doesn't exactly represent the radius of an admissible 
closed ball B^(-) (note that there is an "error" term, the harmonic function h, in the 
definition of d* k (-)). Moreover, one needs to change the center of admissible closed 
balls, i.e., from q^> to q( k+1 \ and keep the nested condition (|3.73[) to establish 
a relation (which is nearly an inequality) between 5-^1 anc [ ^ k Jf^ for s and t 
fulfilling (|3.74|) . But the parameter p in A(p — d k (-)) only (nearly) represents the 
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distance between f(x) and q( k ' instead of f(x) and q^°\ Hence, in order to keep the 
condition, Sl%{s) CC U r (w), one needs to choose the upper bound of s in (|3.74[) . 

Let A be the cut-off function defined in (|3.56|) and e in (|3.56|) is any number 
satisfying 

(3.75) 0<g< minWr,} 

Recall, from that 10Q-p k < <J k for each fixed k £ {0, L} and, from $£$5§ , 

that fco £ {0, L} is the unique one fulfilling 10Q • pk % t* < 10Q • Pk +i- Let p 
satisfy e < p < | min{cr 7 T *}- Note that, from (|3.53p . r2 (p) CC U r (w), if p fulfills 
the condition p < minjiToi T *}- Observe that 
(3.76) 

p- 2 ■ MP) = P~ 2 I X(p-d*(x))-\VG(x)\ 2 dx 

u r («i)nn*(p) 

> P - 2 J \{p-d*(x)) -\VG(x)\ 2 dx = p- 2 J \WG(x)\ 2 dx. 

u r (Mi)nn*(p- e ) v r (w)nn*( P -c) 

By applying the monotonicity formula (|3.72[) to the L.H.S. of ()3.76j) and letting 
e -)• on the R.H.S. of ([3~76| . we derive 

(3.77) p" 2 J |VG(a;)| 2 dx < t~ 2 J \VG(x)f 

v r (w)nQ^(p) v r (w)nn^(t) 
for < p < t < | min{cr , r*}. Now, since w* £ A is also a "good" point of G (see 
Remark[3]), we may apply Lemma[TJto the L.H.S. of (|3.77p and let t — > | min{ero, r *} 
on the R.H.S. of (|3~77)) to derive 

(3.78) 2tt< 0min{cro,T*}^ J \VG{x)\ 2 dx. 

U r (w)nn2(f min{o- ,r»}) 

Case 1° fc = 0. 

As t* < Co, we derive from p.78[) . 



2 dx 



(3.79) ,-.<§. 

As uo < r* < 10Q - pi, we apply (|3.31[) in Proposition [3] (i.e., p\ < Co(n, Q) ■ (To), 
and (|3. 78[) to derive 



(3.80) r,<25Q.C (n )Q )^ Dir ^ w)) . 
Thus, from (|3.79l) and (|3.80[) . we conclude that in this case, 



(3.81) g(f(w*)J ]aVr{w) ) < (J + 25Q • C (n, Q)) ■ ^^^'^4 , 
Case 2° fc > 1. 

We also need to adjust the range of the parameter p in the definition of distance 
function d* k {-) to take care of the "error" term coming from the harmonic function 
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h in d* k (-). Recall from Q3.32p the conditions of nested admissible closed balls that, 
for any k 6 {1, L}, 

(3.82) B?(g (fe_1) ) C B?(g (fe) ), if s < o k - X and t > p k . 

Hence, from (|3~g2"j) . G{q {k \f{x)) < p k , if x £ fll^ak-i). Recall from the 
definition of fl^(-) that if i e f2|_ 1 ((Tfe_i), then ^(g^ -1 ^ , f(x)) < a k -i and 
|/i(if*) — h{x)\ < (Tk-i- Thus, we have 

d* k (x) < G(q {k) J(x)) + \h(w*) - h(x)\ <p k + a k -x, Vi£ fi^jtaH). 

In other words, 

(3.83) s < <r fe _i < Pk + a k ^ < t ST^s) C ST k (t) 

for all k 6 {1, fco}. 

From the definition of fco and the assumption ko > 1, we have ao < p\ < 
10Q - pi ^ r*. Hence, from (13.751) . we have e € (0, j^). Note, from (|3.53[) . we have 

n* k { ?min{r„(T fc }) CC U r (iu), V fc e {0, ...,fc }. 



^5 

From Proposition[3]on the sequences of {p k } k=0 and {<J k } k=0 , we have the inequal- 
ity, 

(3.84) Pk + c7fe_i + ^ < ^Pfc < 4( 3/°fc ^ |mm{r*,c7fc} 

10 5 

for all k e {1, k }. Hence for all k G {1, k }, if e £ (0, ^j), then p k + <j k -i+e < 
fining, <7 fe }- 

Now for each k € {1, Ao}, we consider p £ {p k + cr k -i +£, § min{r*, Cfc}) below. 
From 
(3.85) 

p- 2 -^ k {p) = p- 2 J \(p-d* k (x))-\VG(x)\ 2 dx 

>p- 2 J X(p-d%(x)) • |VG(x)| 2 dx = p- 2 J |VG(x)| 2 dx 

u r (io)nn*(p-e) v r (w)nn* k (p~e) 

we again apply the monotonicity formula (|3.72l) to the L.H.S. of (|3.85l) and letting 
E^Oon the R.H.S. of (pT^S]) to derive 

(3.86) p- 2 J |VG(x)| 2 dx < r 2 J |VG(a;)| 2 dx 

v r (w)nni( P ) u r (i»)nf!;(t) 
for p k + <j k -\ + j i <p<i<| minjr*, <r k }. Now we let let p = 2>p k on the L.H.S. 
of (|3T86)) and t § min{r*, a k } on the R.H.S. of (j3~86l) . we have 

{ipkV 2 J |VG(x)| 2 

u r (»nf}£(3p fe ) 

(3.87) 

< (fminlr,,^})^ 2 / |VG(x)| 2 dx. 

O r (u))nn*(§min{r»,(T fc }) 
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Hence, for each fc e {1, fco}, we have 

(fminK,^})- 2 / |VG0r)| 2 dx 

U r (u.)nn*(f min{r,,a k }) 

( 3 gg\ >(SpkV 2 J \VG(x)\ 2 dx 

V ' ; O r (u>)nf2*(3p fc ) 

> (3C (n,Q)-<7 fe _i)- 2 J |VG(x)| 2 ^ 

o r («;)nn*_ 1 (f ( T fc _ 1 ) 

where the first inequality comes from applying (|3.87[) and the second inequality 
comes from applying (|3.83[) . f|3.31|) . Then, by applying (|3.88l) inductively on k = 
fco, 1, we have 

(3.89) (fminK,^})- 2 / |VG(x)| 2 dx 

U r (it»)nn* o (f min{r»,<r fcD }) 

^flRjfejj) '(I *) / WG{x)\ 2 dx. 

u r (to)nn3(fa ) 

Thus, by applying ([3778} to the R.H.S. of (|3789]l . we have 



,o Qm . r , . 5 fi5G (n,Q)V° 1 lDir(G;V r (w)) 

(3.90) min{r* , cr feo } < 1 1 



2 V 2 / V 2tt 

As t* < (jfc , we derive from p.90[) that 



(3.91) r* < , 

V ; 2 V 2 7 V 2tt 

As t* > a ka , (|3.90p gives 



5 flbC (n,Q)\ ko 1 I Dir (G;U r (w)) 



(3.92) a fco < - 



5 /15C (n,g)\ feo 1 / Dir (G;U r («0) 



2tt 



Since the choice of fco implies t* < 10<5 • £>fe +i, from (|3.3ip in Proposition [3] (i.e., 
Pfe+i < Co(n, Q) ■ cr k ) and (|3. 921) . we have 



(3.93) t* < 25Q- G (n,Q) 



15G (n,Q)^° 1 J Dir (GjUr(w)) 

2ir 



Since Co(n,Q) > 1 and fco < Q — 1 (see Proposition [3]), from (13.811) . (I3.91|) and 
(|3.93p . we conclude that 



(3.94) G(f(w*)J ldvAw) )=:n< 
for some constant S(n, Q) > 0. 



1 Dir(G;V r (w)) 
2%-8{n,Q) 



□ 



WEAKLY STATIONARY-HARMONIC MULTIPLE- VALUED FUNCTIONS 



33 



3.3. Proof of Theorem [TJ To prove interior continuity of /, we may assume 

without loss of generality that fi = U_r (0) C R 2 , an open ball of radius Rq > 
with center at the origin of R 2 . Since / g ^(Ur^Q), Qq(R™)) means £ o / g 
M /1,2 (Uii; o (0), R N ), by Courant-Lebesgue Lemma (see Lemma[2|), for any V R (w) CC 
Ufl o (0), one may choose a proper slice of / by dV r (w) for some r £ [-j ,R] such 
that £ o f is continuous on the compact set d~V r (w) and the oscillation of £ o / is 
bounded by C(n,Q) ■ \J Dir o /; V R (w)). Thus, by the bi-Lipschitz continuity 
of we conclude that the multiple- valued function / is uniformly continuous on 
dU r (w) and 

osc / < C(n,Q,Up(Z),Lip(C X )) -y/Dir (f;V R (w)) =: a^R). 

oV r (w) 

On the other hand, for any w* G A n U r (w), where A is a set of Lebesgue points of 

l^(£o ° f)\ 2 i we a PPly Lemma [3] to derive 

(3.95) 

inf C(f( x ) f( w *))< l D ^(G;UrW) y/Dir(f;U R (w)j+\\Vh\\ L , {VR(w)) 
xe3D r (»r A ;; -y 27r-5(n,Q) - y/2n-6{n,Q) 

Note that ||V/i||i2(u R ( w )j in f|3.95f) depends on the choice of £ because one needs 
to choose a proper coordinates of M" for a given w*. Hence, we need to have 
a control of || Vh\\ z,3(u R («;)) in (|3-95|) when /i is induced from a distinct Lipschitz 
correspondence £ . 

Let £ be a, fixed Lipschitz correspondence and h : U Ro (0) — > R 2 be the harmonic 
function induced from the Hopf differential of £ o /. Suppose h : U R() (0) — > R 2 is a 
harmonic function with respective to an arbitrarily chosen Lipschitz correspondence 
£ . We would like to estimate the oscillation of 1 1 ^2 (njj, (uj) ) — II V 1 lli 2 (Ufi(t«)) 
below. By a simple computation from Q3.7p . we have 

|Vfc| a = l^+2. 
8 

From applying (|3.4p and (|3.9p . we have 

I|v/j| 2 - |v^| 2 | <|-b-^l-b + ^l<|-b-^l-(l^-^l + 2|£|) 

<2.C 2 o +2.Cfl -|V(i o/)| 2 
where C« := Thus, 

/ |V/i| 2 dx< / |Vft| 2 dT+ / ||V^| 2 -|V^| 2 | da; 

(3 96) Vr{w) Vr(w) Vr(w) 

< Dir(h;U R (w)) + 2-kC 2 Rq R 2 + 2C Ro ■ Dir(f;U R (w)) =: p(R), 
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where fi(R) -> as R -> 0. Notice that /3(J?) defined on the R. H. S. of ([3J6]) is 
independent of the choice of Lipschitz correspondence £ , although J | V/i| 2 cix 

on the L. H. S. of (|3.96|) does depend on £ . Hence, from (|3.95|) . we obtain 

mf G(f(x),f{w )) < v =: a 2 (-R) 

xeau r («)) ^/27T • S(n, Q) 

for any w* € U r (to) n A. Therefore, 

osc / < 4max{ai(i?), o^f-R)}. 

u r (uj)nA 

Note that £ 2 (U r (w) \ A) = and ai(-R) and a 2 (i?) tend to zero as i? — > 0. This 
proves the continuity of / at w, and the proof of Theorem [T] is finished. 
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